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ABSTRACT: A thermoset coating that is applied to an
elastic substrate will develop residual stresses during cur-
ing because of polymerization shrinkage of the resin. This
shrinkage only partly contributes to the residual stresses
because, before gelation, the stresses relax completely. In
this study, we developed explicit analytical expressions
for the curing efficiency factor, the residual stresses, and
the resulting warpage. We did this by assuming that af-
ter gelation, the material was in its rubbery state and
that viscoelastic effects were absent. A difference
between the free and constrained warpages during cur-
ing was made. The analytical warpage models were
shown to give results comparable to those of the numer-

ical calculations with a fully curing-dependent visco-
elastic material model. Furthermore, for the first time,
accurate analytical expressions for the stress-free temper-
ature and stress-free strain were obtained. With these
expressions, the effect of curing shrinkage on the resid-
ual stresses could easily be incorporated into existing
(numerical) stress analysis without the need for extensive
curing-dependent viscoelastic material models. VC 2012
Wiley Periodicals, Inc. J. Appl. Polym. Sci. 000: 000–000, 2012
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INTRODUCTION

The construction of bilayered or multilayered plates
of arbitrary thickness usually show substantial resid-
ual stresses, and if the assemblies are not supported,
this will result in warpage. The understanding of
these stresses and warpage is of practical importance
because residual stresses will have a negative effect
on product life and may eventually lead to failure,
whereas warpage may cause other problems. An
electronic package (a combination of a metal lead
frame, a chip, and an epoxy coating) that is warped,
for example, cannot be soldered to a flat substrate.

The problem of warpage predictions for assem-
blies of isotropic elastic plates is well known and
illustrated in the literature. It started with Stoney,1

who derived a simple analytical expression for relat-
ing the stress in a thin elastic coating on a substrate
to the observed curvature. This analysis was later
modified to allow for constructions with arbitrary
thickness ratios and arbitrary ratios between the
coating and substrate moduli. A good overview of
this literature was given by Klein.2 The analysis was
extended to cover constructions consisting of more
than two layers (e.g., refs. 3, 4 and 5).

These kind of bilayer and multilayer models are
very useful for predicting the warpage caused by
differences in thermal expansion of the individual
layers. What they cannot do, however, is predict the
residual stress and corresponding warpage related
to the application process of the coating layer itself;
that is, they cannot predict the curing-induced warp-
age. Consider, for example, a metal strip on which a
thin layer of thermoset coating is applied at a certain
elevated temperature. At this temperature, the resin
starts to cure, a process during which it transforms
from a liquid to a viscoelastic solid. This curing pro-
cess is always accompanied by shrinkage. For
epoxies, this curing shrinkage is about 3–4%, but for
polyester resins, it can be as high as 10%.6 Because
of the combination of this curing shrinkage and the
increasing modulus, residual stresses build up and
result in curing-induced warpage. Additional
stresses and warpage may develop during cooling
from the processing temperature to ambient condi-
tions. For these thermal stresses, already good ana-
lytical models exist, but models for the curing-
induced stresses and warpage do not exist yet.
The warpage of thermoset layers due to process-

ing at elevated temperatures can be considered to
consist of two parts: stresses formed during the rela-
tively short curing stage and stresses that occur dur-
ing the cooling afterward. One can demonstrate the
existence of curing-induced stresses simply by heat-
ing a warped structure and observing the change in
the curvature. The temperature at which the
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curvature disappears is referred to as the stress-free
temperature, and the fact that this occurs above the
curing temperature already shows that residual
stresses due to curing must be present. Another
example of the existence of curing-induced stresses
are the fractures that sometimes occur when fragile
(optical) components are glued to rigid substrates
with a room-temperature-curable adhesive. For ther-
mosets cured at higher temperatures, the thermal
shrinkage is about 1% (for the cooling of a material
with a coefficient of thermal expansion of 70 ppm/K
over a range of 150 K); this is the same order of
magnitude as the curing shrinkage (2% linear
shrinkage, which is, e.g., 50% effective). Both contri-
butions should, therefore, in principle be considered
in any stress analysis. In practice, however, the cur-
ing-induced stress part is often neglected6 or, at
best, taken into account with an adjustable stress-
free temperature7–10 or initial strain contribution.11,12

In all these articles, the stress-free temperature and
strain were used as empirical fit parameters to
match simulation results to the experimental warp-
age. In that way, reasonable estimates of the residual
stress distributions in a series of similar products
could be obtained. However, the a priori prediction
of warpage of new substrate-coating combinations
was not possible with that approach.

In this study, we developed an analytical model
for predicting the stress-free temperature and strain
and the curing-induced warpage of bilayer struc-
tures. This is relevant not only for the field of coating
technology but also for the field of microelectronics.
Because of the extremely high production volumes
and a strong need for cost reduction, this field of
industry strives toward a very low failure rate. A
good knowledge of residual stresses and warpage is,
therefore, indispensable. Recently, much effort has
been put into the characterization of the change in
material properties during curing13 and the numeri-
cal implementation of these material models.14

ANALYSIS

Warpage of a bilayer structure without curing

For simplicity, we repeat here the stress analysis of
bilayer structures in which the elastic properties do
not change (e.g., ref. 2 and references therein). This
starts with the consideration of a structure consisting
of two bonded layers, each of which is subjected to
an initial strain (e0i ). The initial strain is usually the
thermal expansion strain (e0;Ti ¼ aiDT, where ai is
the coefficient of thermal expansion of layer i and
DT is the change in temperature). The initial strain,
however, can also be of a different origin (i.e.,
strains due to the deposition of additional layers or,
as we see later, chemical shrinkage during thermoset

curing). We assume that the layers are elastic and
that the strains are isotropic and uniform through
the thickness. These strains generate biaxial in-plane
stresses (ri’s):

ri ¼ Ei

1� mi
ei � e0i
� �

(1)

where Ei, mi, and ei denote the elastic modulus, Pois-
son ratio, and strain of layer i. The strain in each
layer consists of a planar strain (e), which is identical
for both layers, and a bending contribution [j(z � zb),
where j is the curvature, z is the thickness coordi-
nate, and zb is the neutral plane]:

ei ¼ �eþ j z� zbð Þ (2)

Because of the initial strains, the structure will
expand and warp, and this can be calculated by a
simple assumption of equilibrium of forces (Fi’s) and
moments (Mi’s):

F1 þ F2 ¼ W

Zh1
0

r1dzþW

Zh1þh2

h1

r2dz ¼ 0 (3)

M1 þM2 ¼ W

Zh1
0

zr1dzþW

Zh1þh2

h1

zr2dz ¼ 0 (4)

where W is the sample width (see Fig. 1). For practi-
cal reasons, we introduce the dimensionless thick-
ness (a ¼ h2/h1, with h1 and h2 being the thickness
of layer 1 and 2 respectively) and the modulus ratio
(b ¼ E2

0/E1
0, where Ei

0 denotes the reduced modulus
E/(1 � v) of layer i). By combining the first three
equations, we can solve for the planar strain and
neutral plane and get2

�e=h1 ¼ e01 þ abe02
1þ ab

; zb=h1 ¼
1
2 1þ a aþ 2ð Þb½ �

1þ ab
:

(5)

We can then find the curvature by inserting this
into Eq. (4) and solving for j:

Figure 1 Schematic diagram of the two-layer structure.
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j ¼ 6a aþ 1ð Þb
h1N

e02 � e01
� �

(6)

where N is defined as

N ¼ 1þ b 4a3 þ 6a2 þ 4a
� �þ b2a4:

This is the well-known bending equation for struc-
tures consisting of two elastic layers with arbitrary
initial strains.2,15 For thin coating layers (a � 1), the
equation is considerably simpler and leads to what is
known as the Stoney equation for thermal strains1:

j ¼ 6ab

h1
DaDT:

where Da is the difference in coefficients of thermal
expansion. In practice, warpage is often expressed as
the vertical deflection (bow) of a curved plate put
onto a flat surface. Simple geometrical considera-
tions then lead to the following relation between the
curvature and deflection (d):

d ¼ R 1� cos 2L=Rð Þ½ � ffi 1
8L

2j; (7)

where L is the length of the bimaterial strip and R is
the radius of the curvature (R ¼ 1/j).

In this study, we defined expansion as positive
and shrinkage as negative. Therefore, a positive cur-
vature corresponded to the expansion of layer 2 and
was toward the substrate layer. The residual stresses
in each layer could be found by the combination of
eqs. (1), (2), (5), and (6).

Bilayer warpage with curing shrinkage
and modulus increase

The next step is to include the effect of curing on
warpage. This is complicated by the fact that during
curing, not only does the intrinsic strain in the coat-
ing layer (e02) change but its modulus (E2) also does.
Initially, the coating is liquidlike, and the curing
shrinkage after each incremental time step does not
result in a stress increase. However, if the coating
polymerizes beyond what is called the gel point, the
polymer starts to form a three-dimensional network
structure in which mechanical stress can pertain. An
increase in the curing shrinkage now causes a small
stress, which partially relaxes because of the visco-
elastic nature of the incomplete polymer network.
During the next time step, the same amount of
chemical shrinkage results in a larger stress buildup,
followed by a smaller stress relaxation. This process
of stress buildup and relaxation continues until the
polymer layer is fully cured.

It is clear that the previous process is difficult
for one to evaluate further without making simplifi-
cations. Therefore, we restricted ourselves to thermo-
sets that cured above their final glass-transition

temperature and assumed that the dominating effect
would be from the combination of progressing
curing shrinkage and modulus increase and that
viscoelastic effects (stress relaxation) were of less
importance. Above the glass transition, the material
can be considered to be in its rubber elastic state
and E2(t,f) � E2(f), where f is the chemical conver-
sion and t is the time. Such a situation is quite
common for thermoset systems because systems
that cure at a temperature below their glass transi-
tion will vitrify during curing, such that full
conversion is never reached. Because we neglected
viscoelastic effects, we always evaluated the coating
layer in its lowest (equilibrium) stress state, and
this approximation underestimated the stress
buildup in the coating layer and, thus, also
underestimated the warpage of the bilayer assem-
bly. It was, however, expected that the effect of
this underestimation would be small.
The analysis of the residual stresses and warp-

age generated during the curing stage can be done
for two types of boundary conditions: freestanding
curing and constrained curing. In the first case, the
bimaterial strip is free to shrink and warp during
the curing stage. This applies, for example, to the
curing of a coating layer applied to a thin
metal strip. The constrained curing case corre-
sponds to what occurs during the encapsulation of
electronic packages.10–12 During this process, a
metal lead frame with a chip is placed in a heated
mold, after which the mold is filled with an epoxy
resin. During filling and curing, the lead frame is
fixed, and warpage is prevented. After mold open-
ing, the assembly is free to warp. We did expect
differences between the two cases because, in the
case of unconstrained curing, each new gelled
layer adheres onto a curved structure and then
starts with its shrinkage and stress generation,
whereas in the constrained case, each new layer
adheres onto the flattened structure. We, thus,
expected the free cured structure to show the most
warpage.

Free curing analysis

Instead of the total force balance [Eq. (3)], we now
consider the incremental increase in force (dFtot) af-
ter a small increase in time and evaluate Eq. (3) with
dri ¼ E0

i(dei � de0i ):

dFtot ¼
Zh1
0

E0
1 d�e� de01 þ z� zbð Þdj� �

dz

þ
Zh1þh2

0

E0
2 d�e� de02 þ z� zbð Þdj� �

dz ¼ 0

(8)
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The solution of the incremental midplane strain
then gives (with dimensionless thickness and modu-
lus ratios)

d�e=h1 ¼ de01 þ ab fð Þde02
1þ ab fð Þ ; (9)

where we used the approximation d(zbj) � zbdj.
For the change in moment (dM), we get

E0
1 d�e� de01 � zbdj
� �

1
2h

2
1 þ E0

2 d�e� de02 � zbdj
� �

� 1
2 h22 þ 2h1h2
� �þ dj 1

3E
0
1h

3
1 þ 1

3E
0
2 h32 þ 3h32h1 þ 3h2h

2
1

� �� �
¼ 0

From this, we obtain the desired incremental
increase in the curvature (dj). After integration, this
gives

j ¼
Z t

0

6a aþ 1ð Þb
h1N

_e02 � _e01
� �

dt;

N ¼ 1þ b 4a3 þ 6a2 þ 4a
� �þ b2a4 ð10Þ

�e ¼
Z t

0

_e01 þ ab _e02
1þ ab

dt; zb ¼
1
2 1þ a aþ 2ð Þb½ �h1

1þ ab
; (11)

where the dot over the intrinsic strain terms refers to
differentiation with respect to time. Note that both the
modulus ratio and the intrinsic strains vary with time.
For solvent-deposited thermoplastic coatings, the
coating layer thickness decreases considerably during
solvent evaporation, such that the thickness ratio also
should be treated as time dependent. Also essential is
the fact that the integration is not just over the modu-
lus–intrinsic strain term [numerator of Eq. (9)] but
includes the variation of the terms in the denominator
as well. The reason is that after each incremental time
step, not only does the modulus and planar strain
increase but the neutral position also changes.

To be able to better understand the separate con-
tributions of curing and thermal shrinkage to the
curvature and residual stresses, we start by explicitly
separating the two contributions in the intrinsic
strains (note that the substrate layer only has a ther-
mal shrinkage contribution):

e01 ¼ e0;T1 ¼ a1DT

e02 ¼ e0;c2 þ e0;T2 ¼ ec2 þ a2DT:

where the superscripts ‘‘T’’ and ‘‘c’’ refer to the
thermal and curing contributions, respectively

Next, we assume that the curing step is isothermal
and that there is no reaction during cooling. Then,
we obtain for the curvatures due to thermal and cur-
ing contributions

jc ¼
Zf
0

6a aþ 1ð Þb fð Þ
h1N fð Þ

dec2 fð Þ
df

df; (12)

jT ¼
ZT0

Tc

6a aþ 1ð Þb Tð Þ
h1N Tð Þ a2 Tð Þ � a1 Tð Þ½ �dT: (13)

Note that because for the curing-dependent contri-
bution both the curing shrinkage and the relative mod-
ulus ratio directly depend on the conversion and only
indirectly on time, we used the conversion as the new
integration variable. Analogously, for the thermal con-
tribution, we used the temperature as the integration
variable. Further simplifications can be obtained by
the assumption that the curing shrinkage is linear with
respect to conversion [dec2 ¼ ecmaxdf, where ecmax then
denotes the curing shrinkage after full conversion (see
Simplifications and Limiting Cases section)].

Constrained curing

Here, we assume that the structure is constrained
during the curing process such that both the mid-
plane strain and curvature are suppressed. We, thus,
can use Eq. (8) with de ¼ dj ¼ 0 and obtain for the
incremental increase in total force

dFtot ¼ �E0
2 fð Þh2de02

where we also assumed that the intrinsic strains in
the substrate were absent (de01 ¼ 0). The in-plane
force at the end of curing is thus

Fend ¼ �h2

Z1
0

E0
2 fð Þ de

0
2

df
df (14)

Note that the changes in the shrinkage strain (de02)
are negative such that Fend is of a tensile nature.
This force is balanced by the forces in the mold
walls. When the mold opens and the structure is
released, it will shrink and warp with the force
given by Eq. (14) as the driving force. Denoting De
and Dj as the changes in the in-plane shrinkage and
curvature, respectively, and using Eq. (8), we obtainZh1
0

E0
1 D�eþ z� zbð ÞDj½ �dz

þ
Zh1þh2

0

E0
2 D�eþ z� zbð ÞDj½ �dzþ Fend ¼ 0:

Integration and rearrangement results in

D�e½E0
1h1 þ E0

2h2� þ Dj½12ðE0
1h

2
1 þ E0

2fh22 þ 2h1h2gÞ
� zbðE0

1h1 þ E0
2h2Þ� þ Fend ¼ 0:

This has to be true independently of Dj. Thus, the
Dj term must vanish and
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D�e ¼ Fend=E
0
1h1

1þ ab
; zb ¼

1
2 1þ a aþ 2ð Þb½ �h1

1þ ab
: (15)

Similar to the derivation for the free curing case,
we now obtain the warpage from the change in
moment:

Djc ¼ � 6a 1þ a aþ 2ð Þbð Þ
h1N

Z1
0

b fð Þ de
c
2 fð Þ
df

df ð16Þ

where Djc is the warpage change upon ejection.
Remember that in Eq. (16), the modulus E2 in the
modulus ratio and N should be evaluated in its
(fully cured) rubbery state. The curvature changes
due to cooling after ejection are given by Eq. (13).
As before, if the curing shrinkage is linear, dec2/df
can be replaced with ecmax.

Stress-free temperature and strain

A bimaterial strip that is curved after processing
can always be heated to such a temperature that
the curvature just vanishes. This temperature is
then called the stress-free temperature, although
internally, it is not necessarily free of stress.
The stress-free temperature is easy to measure and
is, therefore, often used in numerical simulations
of cooling stresses as an approximate way to
account for the curing-induced stresses we dis-
cussed previously. Related to this is what we call
the stress-free strain, which can be defined as that
coating-layer strain that will cause the curing-
induced warpage to disappear. Also, this stress-
free strain is used as an empirical parameter to
take into account the processing-induced stresses
in subsequent numerical calculations.12 Up to this
point, no explicit expressions are available that
relate these stress-free parameters to the curing-
induced shrinkage and modulus increase. For the
derivation, we start with the stress-free strain (eSF2 )
and assume that it is a uniform strain that is con-
fined to the coating layer and that is evaluated at
the curing temperature (i.e., thermal stresses are
absent). From Eq. (6), it then follows that the cur-
vature equals

j ¼ 6a aþ 1ð ÞbReSF2
h1NR

;

where we use the subscript R to indicate that the
modulus E2, and its ratio needs to be evaluated in
its rubbery state. Equating this to the curing-induced
warpage [Eq. (12)] and assuming the thickness ratio
remain constant, we then obtain

eSF2 ¼ fce
c;max
2 ;

fc ¼ 1

ec;max
2

NR

bR

Z1
0

b fð Þ
N fð Þ

dec2
df

df ¼ NR

bR

Z1
0

b fð Þ
N fð Þ df:

(17)

where, in the last step, it is assumed that the curing
shrinkage is proportional to the conversion: ec2(f) ¼
ec;max
2 f. The curing shrinkage efficiency factor (fc) is
defined as the ratio between the stress-free strain
and the maximum curing strain (ec;max

2 ). It is a mea-
sure of the efficiency at which the curing shrinkage
is transferred to residual stress. If, for example, the
coating modulus is zero before gelation and constant
after gelation and the conversion at gelation (fgel) ¼
0.40, the efficiency factor would be fc ¼ 0.60. Because
the coating modulus is not constant but gradually
increases after gelation, the actual efficiency factor is
lower. Note that the maximum efficiency factor is
given by fc

max ¼ 1 � fgel. This limit is reached either
if the substrate is very thin (a � 1) or if the coating
modulus changes stepwise to its maximum value at
the gelation point.
Next, we derive an expression for the stress-free

temperature. According to its definition, we must
balance the thermal and curing-induced warpage
terms such that jT þ jc ¼ 0. With eqs. (12) and (13),
we then obtain

Z1
0

b fð Þ
N fð Þ

dec2
df

dfþ
ZTSF

Tc

b Tð Þ
N Tð Þ a2 � a1½ �dT ¼ 0:

where TSF is the stress-free temperature and Tc

denotes the curing temperature. Assuming again that
the modulus values and the coefficient of thermal
expansion are evaluated at their rubbery values and
using the expression for the stress-free strain, we get

TSF ¼ Tc � fce
c;max
2

aR2 � a1
: (18)

here the superscript ‘‘R’’ refers to the rubbery state.
Note that the stress-free temperature is above the

curing temperature because ec;max
2 is negative, and

usually, aR2 > a1. Typically, the difference is about
20–50�C.

Simplifications and limiting cases

The goal of this section is to derive explicit expres-
sions for limiting cases or for special choices of the
modulus and curing shrinkage curves. These explicit
expressions are useful for checking the correctness
of the implementation in finite element software and
to allow for a quick estimate of warpage in a specific
case without the need to first setup a numerical
model. Therefore, we focus on the effect of curing
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shrinkage in the coating layer and evaluate all of the
expressions with e0;T2 ¼ e0;T1 ¼ 0. Furthermore, we
assume that the curing shrinkage is linear with
respect to conversion. This assumption is motivated
by the fact that during polymerization, monomers are
added step by step to the polymer network. By this
process, they lose part of their mobility, and it is, thus,
likely that the loss in free volume is proportional to
the amount of reacted monomer because the loss in
free volume is observed as shrinkage. This leads to

ec2 fð Þ ¼ ec;max
2 f; (19)

where ec;max
2 is the total amount of curing shrinkage.

This linear relation has been observed for a number
of epoxy systems16,17 but should not be considered
as general.18 For this purpose, however, we assume
Eq. (19) to hold.

Small coating thickness [h2 � h1 (a � 1)]

If h2 is small, the average shrinkage and the neutral
plane coordinate become [see Eq. (11)]

�e fð Þ ¼ aec;max
2

Zf
0

b fð Þdf; zb ¼ 1
2h1; a << 1 (20)

such that the curvature at conversion becomes

j fð Þ ¼ 6aec;max
2

h1

Z f

0

b fð Þdf; a << 1: (21)

This, thus, allows us to check the curvature pre-
dictions for different functions [b(f) or E2(f)]. We
start with a constant coating modulus and linearly
increasing curing shrinkage [Eq. (19)]. This gives

j � 6abm
h1

ec;max
2 f; a << 1; b ¼ bm e02 ¼ ec;max

2 f: (22a)

where bm is a constant.
Verification with h1 ¼ 1 mm, a ¼ 10�2, bm ¼ 1,

and ec;max
2 ¼ 0.04 gives j ¼ 2.4 m�1, which agrees

well with the 2.325 predicted by Eq. (12). For both
linear increases in the coating modulus and intrinsic
strain, we obtain a quadratic increase in the curva-
ture with ongoing curing:

j � 6abm
h1

ec;max
2

1
2f

2; a << 1; b ¼ bmf; e02 ¼ ec;max
2 f:

(22b)

In reality the coating modulus first increases slowly
with curing followed by an acceleration toward the

end of curing. Therefore, it is more realistic to assume
an exponential increase in conversion and obtain

j � 6abm
h1

ec;max
2

c
½ec f�1ð Þ � e�c�; a << 1; b ¼ bme

c f�1ð Þ;

e02 ¼ ec;max
2 f ð22cÞ

where c is a constant. With the data set h1 ¼ 1
mm, a ¼ 10�2, bm ¼ 1, ec;max

2 ¼ 0.04, and c ¼ 1, eq.
(22c) predicts a final curvature of 1.517 m�1,
whereas the full Eq. (12) gives 1.526 m�1. For c ¼
10, these results are 0.240 and 0.245 m�1, respec-
tively. The agreement is good. The corresponding
curvature changes during curing are plotted in
Figure 2. This shows that for exponential modulus
growth, the approximations are better than in the
constant-modulus case.

Small substrate thickness (a � 1, ab � 1)

If the curing coating layer is deposited or molded on
top of a thin, soft substrate, the in-plane contraction
of the structure is governed by the shrinkage of the
coating layer only, and the curvature is small. The
equations then reduce to

�e � ec2 fð Þ; zb � 1
2h2 þ h1; a >> 1; ab >> 1: (23)

j �
Zf
0

6ec;max
2

h1a abþ 4½ �d fð Þ; a >> 1; ab >> 1: (24)

With a ¼ h2/h1, this shows that the curvature
indeed vanishes as h1 approaches zero.

COMPARISON WITH VISCOELASTIC
NUMERICAL SIMULATIONS

The main assumption in this curing-dependent
warpage model is that viscoelastic effects are

Figure 2 Comparison between the (—) full calculation
with Eq. (12) and (- - -) approximations [Eq. (22)]. h1 ¼ 1
mm, a ¼ 10�2, ec;max

2 ¼ �0.04 for cases b ¼ 1 and b ¼
ec(f�1).
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negligible during curing. That means that the
stresses in the coating layer are always evaluated
with the lowest modulus limit (i.e., in the rubbery
state). The stresses and the curvature are, therefore,
underestimated. To check the validity of the
assumption, warpage predictions from Eq. (12) were
compared with numerical simulations involving a
fully curing-dependent viscoelastic material model.
This curing-dependent model was implemented in
both Ansys (Canonburg, Pennsylvania) and Abaqus
(Pawtucket, Rhode Island) software with dedicated
Fortran subroutines.

As an example, we considered the warpage of a
structure consisting of a molding compound used for
chip encapsulation and a copper lead frame. The
lead frame had a values of E1 ¼ 123 GPa, m1 ¼
0.33, h1 ¼ 0.5 mm, and a1 ¼ 17.5 10�6/K. Accurate
predictions of the warpage and curing-induced
stresses are important in the microelectronics

industry because they are seen as one of the main
causes for product failure. We, therefore, took the
material data of an actual, well-characterized mold-
ing compound.13 The molding compound was an
epoxy resin with an extremely high amount of
silica filler (ca. 90 wt %) to reduce the coefficient
of thermal expansion and curing shrinkage. The
side effect of using a high filler content is that the
modulus (and, thus, the resulting residual stresses)
was relatively high: 28 GPa in the glassy state as
compared to about 2.3 GPa for the unfilled mate-
rial. The material under consideration had a rub-
bery shear modulus at full curing of G

f
2 ¼ 590

MPa and a bulk modulus of K
f
2 ¼ 9 GPa. This

meant that the Poisson ratio was mf2 ¼ 0.468 and
the elongation modulus was E

f
2 ¼ 1732 MPa,

respectively. The curing shrinkage was observed to
increase linearly with conversion until a final value
of ec,max ¼ �0.207% (assuming for the coefficients
of thermal expansion in the glassy and rubbery
state respectively aG2 ¼ 11.0 10�6/K, aR2 ¼ 31.4
10�6/K). Measurements of the increase in the
rubber modulus (GR) during curing were fitted to
the Martin and Adolf model19:

GR fð Þ ¼ G
f
R

f2 � f2gel

1� f2gel

 !8=3

; f > fgel (25)

where G
f
R is the rubbery modulus in fully cured

state, here equal to 590 MPa.
The conversion at gelation was 0.40. The relaxa-

tion modulus (G) was approximated with a Havri-
liak–Negami (HN) type of equation

logG f;T;xð Þ ¼ logGR þ logGg � logGR

1þ xs0=aT;f
� ��m� �n (26)

with as fitting coefficients s0 ¼ 977 s, m ¼ 0.176, and
n ¼ 2.725. The curing dependency is captured by the

Figure 3 Numerical and analytical deflection of the
bilayer strip versus the h2/h1 ratio.

Figure 4 (—) Approximate analytical estimate of the
stress-free temperature [Eq. (18)] and (- - -) Abaqus simu-
lation with the full viscoelastic curing-dependent material
model.

Figure 5 Predicted curing shrinkage efficiency factor
[Eq. (17)].
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changing rubbery modulus [Eq. (25)] and a shift fac-
tor (aT;f) that is curing and temperature dependent:13

log aT;f ¼ log aT þ log aa; (27)

log aT ¼ C1 T � Trð Þ= C2 þ T � Trð Þ T > Tc

A1 T � Tcð Þ þ A2 T 	 Tc

�
(28)

log af ¼ d1 1� exp �d2 1� fð Þ½ �ð Þ (29)

with as coefficients C1 ¼ 34.2, C2 ¼ 140.1 K, Tr ¼
120�C, A1 ¼ 0.0281, A2 ¼ �4.059, Tc ¼ 102.6�C, d1 ¼
25.55, and d2 ¼ 1.007.

In Figure 3, we compare the predictions for the
midpoint deflection of a 40 mm long strip for a se-
ries of different thickness ratios. This shows that the
analytical calculations predicted a maximum deflec-
tion (ca. h2 ¼ 1.2 mm), whereas the numerical pre-
dictions had a higher maximum at a somewhat
larger thickness (h2). The maximum could be under-
stood from eqs. (21) and (24). For a small thickness
ratio, the warpage increased linearly with the thick-
ness ratio [Eq. (21)], whereas for larger thickness
ratios, it decreased proportionally to a2 [Eq. (24)].
The physical interpretation of this effect is that with
larger top layer thicknesses, the neutral plane
change became important, whereas for small coating
thicknesses, it was not.

In the simulations, the isothermal curing was fol-
lowed by a controlled cooling to room temperature.
By extrapolating the warpage versus temperature
data to a level where the curvature was zero, we
obtained the stress-free temperatures (symbols and
dashed line in Fig. 4). These values compared well
with those given by Eq. (18). Both the magnitude
and shape of the stress-free temperature curve were
well reproduced. Figure 5 shows that for this spe-
cific case, the curing efficiency factors varied
between 0.13 and 0.53. The latter value approached
the limiting efficiency value (fc

max ¼ 0.60).

CONCLUSIONS

In this article, we derived simple analytical expres-
sions for predicting the warpage of a structure con-
sisting of an elastic substrate and a curing polymer
coating layer. The analysis included the effect of the
curing shrinkage and the increase in modulus dur-
ing curing and neglected viscoelastic effects during
curing. A comparison with predictions of numerical
models that did not neglect the viscoelasticity during
curing showed a perfect agreement; this means that

our model was able to capture all of the main
effects.
This also showed that it is, in fact, not necessary

to know the fully curing-dependent viscoelastic ma-
terial behavior of the coating to be able to get a
good estimate of the effects of the curing shrinkage
on residual stresses and warpage. This is of particu-
lar practical relevance because the aforementioned
material characterization is costly and time consum-
ing and cannot be performed for each new coating
material.
In addition to expressions for warpage, we defined

a curing shrinkage efficiency factor and obtained an
explicit expression for the so-called stress-free tem-
perature. We assume that the theory proposed in this
article could be a highly useful tool for predicting
the warpage of coatings on thin substrates and for
those who are involved in simulating the encapsula-
tion process of microelectronic packages.
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